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1. INTRODUCTION 



The inverse spectral theory deals with the determination of a differential operator 
from an appropriate set of spectral data. Its origin goes back to Ambartsumyan [1] who 
considered the Sturm-Liouville problem 

-iP" + V(x)iP = AV, xe(0,7r), (1.1) 

V'(0) = V'OO = 0, 

where the prime denotes the spatial ^-derivative and the potential V is continuous and 
real valued. Ambartsumyan indicated that if {Aj}°fL is the eigenvalue set for this Sturm- 
Liouville problem and if Xj = j 2 for j = 0, 1, 2, ... , then V = 0. Next, Borg showed [2] that 
one spectrum in general does not uniquely determine the corresponding Sturm-Liouville 
operator and that Ambartsumyan's result is really a special case. In particular, Borg gave 
the proof of the following result: Let {Aj}°^ be the eigenvalue set for (1.1) with the 
boundary conditions 

cos a • ip'(0) + sin a • ^(0) = 0, cos f3 ■ + sin/3 ■ ip(n) = 0, 

and let {/Uj}°^ be the eigenvalue set with the boundary condition 

cos 7 • ^'(O) + sin7 • ^(0) = 0, cos/3 • ip'(n) + sin/3 • ip(ir) = 0, 

where 7^a. Then, the two sets {Xj}°^L and {/j,j}°? =0 uniquely determine a, j3, 7, and V. 

Borg [3] and Marchenko [4] studied the Sturm-Liouville operator on the half line with 
a boundary condition at the origin when there is no continuous spectrum. They showed 
that two sets of discrete spectra associated with distinct boundary conditions at x = 
(with a fixed boundary condition, if any, at x = +00) uniquely determine the potential 
and the boundary conditions at the origin. 

A continuous spectrum arises in applications often. It comes into play in a natural 
way in the analysis of potentials vanishing at infinity. In this paper we generalize the 
celebrated Borg-Marchenko result to the case where there is also a continuous spectrum; 
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namely, we prove that the potential and boundary conditions are uniquely determined 
by an appropriate data set containing the discrete eigenvalues and continuous part of 
the spectral measure corresponding to one boundary condition at the origin and a subset 
of the discrete eigenvalues for a different boundary condition. Another extension of the 
Borg-Marchenko theorem to the case with a continuous spectrum is given by Gesztesy and 
Simon [5], where a uniqueness result is presented when Krein's spectral shift function is 
known. In our generalization of the Borg-Marchenko theorem, our conditions are directly 
stated in terms of the spectral measure; namely, the amplitude of the Jost function and 
the eigenvalues. There is an extensive literature on the inverse spectral problem; for other 
important contributions to the field and a more detailed historical account, we refer the 
reader to [5-8]. 

Consider the radial Schrodinger equation, related to (1.1) with A = /c 2 , 

-il>" + V(x)ij> = k 2 il>, xG(0,+oo), (1.2) 

with the boundary condition 

sma • ifj'faQ) + cosa • if)(k, 0) = 0, (1.3) 

for some a G (0, n]. The condition (1.3) is also written as 

ip'(k,0) + cota-ip(k,0) = Q, a G (0,tt), 

(1.4) 

ip(k, 0) = 0, a = jr. 

In (1.3) or (1.4) we get the Dirichlet condition if a = 7r, the Neumann condition if a = 7r/2, 
and otherwise the mixed condition. We assume that the potential V in (1.2) belongs to 
the Faddeev class; i.e., it is real valued and belongs to L{(R + ), where L\(J) denotes 
the Lebesgue-measurable functions V defined on a Lebesgue-measurable set J for which 
fjdx(l + \x\) n \V(x)\ is finite. 

Let H a for a G (0, w] denote the unique selfadjoint realization [9] of —d 2 /dx 2 + V in 
L 2 (0, +oo) with the boundary condition (1.3). It is known [8,9] that H a has no positive 
or zero eigenvalues, it has no singular-continuous spectrum, and its absolutely-continuous 
spectrum consists of [0,+oo). It has a finite number of simple negative eigenvalues, and 
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we use a^(H a ) := {—««_,■}_,■=! to denote the eigenvalue set. The Jost function of (1.2) 
associated with the boundary condition (1.4) is defined as [8] 

f -i[/'(fc,0) + cota-/(fc,0)], ate (0,tt), 
:= < (1.5) 
I f(k,0), a = 7T, 

where f(k,x) denotes the Jost solution to (1.2) satisfying the asymptotics 

f(k,x) =e lkx [l + o(l)l f'(k,x)=ike lkx [l + o(l)}, x -> +oo. (1.6) 
It is known [7,8] that the set {«B a ;}f = a i corresponds to the zeros of F a in C + . We use C + 



for the upper half complex plane and C+ := C + U R for its closure. 

There are two main methods to solve the inverse spectral and scattering problems for 
the radial Schrodinger equation; namely, the Gel'fand-Levitan method and the Marchenko 
method. The former [7,8,10,11] solves the inverse spectral problem, and the potential 
and boundary condition are uniquely reconstructed by solving the Gel'fand-Levitan inte- 
gral equation (5.4) with the input data (5.5) or (5.6) obtained from the spectral measure 
p a (X) given in (3.23). The part of the spectral measure associated with the continuous 
spectrum is absolutely continuous, and as seen from (3.23) its derivative at energy k 2 is 
determined by \F a \. The part associated with the discrete spectrum is determined by the 
set of eigenvalues {—K^j }f=i an d the norming constants {g a j}f=i- On the other hand, the 
Marchenko method [7,8,10,12] is an inverse scattering procedure, and the potential and 
boundary condition are uniquely reconstructed by solving the Marchenko integral equation 
(5.10) in terms of the scattering data consisting [cf. (5.7) and (5.11)] of the scattering ma- 
trix S a , the bound state energies {—Kaj}7=n ano - the norming constants {maj}^, where 
the scattering matrix is defined as 

S a (k) := { (1.7) 



FA-k) 
F^k) ' 



a = 7r. 



Our generalized Borg-Marchenko problem is stated as follows. Let f3 E (0, n) with 
(3 < a < iv correspond to the boundary condition obtained from (1.3) by replacing a there 



with f3. This leads to, via (1.5), the Jost function Fp with zeros at k = inpj in C + , where 
j = 1, . . . , Np. Assume that we are given some data V, which contains \F a \ for feeR, the 
whole set {n a j}f=i, and a subset of {npj}ffi consisting of N a elements. Alternatively, 
our data V may include \Fp{k)\ for k G R and the sets {fiaj}^ and {^/3j}^fi- Does V 
uniquely determine the set £, where £ := {V, a,/3}? If not, what additional information 
do we need besides V in order to determine £ uniquely? Can we present a constructive 
method to recover £ from V or from a data set obtained by some augmentation of VI 

This generalized Borg-Marchenko problem can be considered as an inverse scattering 
problem because both the Faddeev class of potentials and the Jost function are natural 
elements in scattering theory. On the other hand, this problem is also an inverse spectral 
problem because in our data we use |F a | and {— k^}^^, which are both contained in the 
relevant spectral measure. In fact, from this point of view, we replace the N a norming 
constants appearing in the discrete portion of the spectral measure by N a of the eigenval- 
ues for a different boundary condition. This constitutes a natural mathematical problem 
which is actually an inverse problem with two discrete spectra in the presence of a continu- 
ous spectrum. Replacing the norming constants in the GePfand-Levitan or the Marchenko 
method by a set of eigenvalues from a second boundary condition is also interesting from 
the viewpoint of physical applications. This is because eigenvalues have a direct physi- 
cal interpretation as energies of the stationary states of a quantum mechanical system, 
whereas, a priori, norming constants do not have such a clear physical interpretation. 

Our problem can also be considered as an inverse scattering problem on the line with 
a potential supported on a half line. As we show in Section 5, from our data we can 
uniquely construct the data set T given in (5.14), which contains enough information 
[13-18] to reconstruct the potential by using any one of the full-line inversion methods 
[7,10,19-22]. 

Our motivation for this paper came from a question by Roy Pike [23] as whether 
f'(k,0) := iF 7T / 2 (k) 7 the spatial derivative of the Jost solution to the one-dimensional 
Schrodinger equation evaluated at x = 0, can uniquely determine the corresponding po- 
tential if that potential is known to be zero on the negative half line. This question arises 
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in the acoustical analysis of the human vocal tract. When the vocal tract is stimulated 
by a sinusoidal input volume velocity at the glottis, the impulse response at the lips is 
(cf. (70) in [24]) essentially given by f'(k,0). Such an inverse problem is equivalent to 
determining a scaled curvature of the duct of the vocal tract when a constant-frequency 
sound is uttered, and it has important applications in speech recognition [24]. 

The method we use is a generalization of that used in [23] in the case of a potential 
that has no bound states for either the Dirichlet and Neumann boundary conditions and 
that is perturbed by a Dirac delta distribution at x = 0. The basic idea is to relate our 
data to the real part of a function that is in the Hardy class of functions analytic in C + . It 
turns out that the real part of such a function is determined for k E R by our data. Then, 
the function itself is uniquely constructed in C+ with the help of the Schwarz integral 
formula [25-27]. Our proofs also present a method for the reconstruction of the potential 
and boundary conditions. 

Our paper is organized as follows. We list our main results as Theorems 2.1-2.8 in 
Section 2. Then, in Section 3 we presents the results needed in order to prepare the 
proofs of these theorems. In Section 4 the proof of each theorem is given by a constructive 
method; from the appropriate scattering-spectral data sets X>i, . . . , T>g given in (2.4)-(2.11), 
respectively, it is shown how the boundary conditions are uniquely reconstructed and how 
appropriate information can be assembled in order to uniquely reconstruct the potential. 
In Section 5 we outline several methods to uniquely reconstruct the potentials. Finally, in 
Section 6, we illustrate the uniqueness and reconstruction by some explicit examples. 

2. MAIN THEOREMS 

In Theorems 2.1-2.8 given below we generalize the celebrated two-spectra uniqueness 
theorem proved by Borg [3] and Marchenko [4] from the case of purely discrete spectra 
to the case where there is also a continuous spectrum. We take into consideration all 
possibilities with N a = Np or N a = Np — 1, with a E (0, n) or a = 7r, and by using \F a \ 
or \Fp\ in our data. 
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In order to state our results in a precise way, we introduce some notations. Define 

hpa '■= cot P — cot a, a, (3 G (0,7r). (2.1) 
From (1.5) and (2.1), for a 7^ /3 we get 

[Fp(k)-F a (k)], a,(1e (0,tt), 



/(A-,0)= < V« (2.2) 
[cot/3 • F Q (/c) - cot a • F^(fc)] , a, /3 G (0,7r), 



fya (2 . 3) 

i Fptk)- cot (3 ■ F n (k), e (0,ir). 
Notice that hp a >OifO</3<a<7r because the cotangent function is monotone decreas- 
ing on (0, 7r). Let V be another potential in the Faddeev class, K 1 be the corresponding 
realization of —d 2 /dx 2 + V in L 2 (0, +00) with the boundary condition (1.3) in which a is 
replaced by 7, and a^Hj) denote the corresponding eigenvalue set {—k^j}^2i- 

Let us introduce the appropriate data sets Pi, . . . , T>g used as inputs in Theorems 2.1- 
2.8, respectively, as follows: 

Pi := {hp a , \F a (k)\ for feeR, K,}f=i, (2-4 

P 2 := {/?, for k G R, K,}^, {^}f = U (2.5 

P3 : = {/i/3a, \F a (k)\ for G R, {K a j}f=i, an iV a -element subset of }^=fi}, (2.6 

P 4 := |F W (A;)| for fc G R, {k^}^, an ^-element subset of {K/y}^}, (2.7 

P 5 := {V^ l*M*OI f o r *: e R, K;}f=i, {k^}^}, (2.8 

P 6 := {\Fp(k)\ for fc G R, K,}fji, (2.9 

P 7 := {/?, for fc G R, {« a ,}f^, {«/y}fii}, (2.10 

P 8 := {/?, 1^(^)1 for k G R, {^}fji, {^}fii}. (2.11 

Theorem 2.1 Let £/ie realizations H a and Hp correspond to a potential V in the Faddeev 
class with the boundary conditions identified by a and (3, respectively. Similarly, let if 7 



and H e correspond to V in the Faddeev class with the boundary conditions identified with 
7 and e, respectively. Denote the corresponding Jost functions by F a , Fp, F 7 , and F e , 
respectively. Suppose that 

(i) < f3 < a < tv. 

(ii) N a = N p > 0. 

(iii) hp a = h n . 

(iv) a d (H a ) = cr d (# 7 ). 

(v) a d (Hp) = a d (H e ). 

(vi) |F a (fc)| = |F 7 (fc)|/orfceR. 

Then, we have a = 7, j3 = e, and V = V. This is equivalent to saying that if N a = Np > 
and < (3 < a < tt then the data set V\ given in (2.4) uniquely determines {V, a, (3}. 

Next, we consider the analog of Theorem 2.1 when a = n. 

Theorem 2.2 With the same notation as in Theorem 2.1, assume that 

(i) < (3 < a = tt. 

(ii) N a =Np> 0. 

(iii) = e. 

(iv) cr d (H a ) = cr d (^ 7 ). 

(v) a d (Hp) = a d {H e ). 

(vi) |F a (fc)| = |F 7 (fc)|/orfceR. 

Then, we have a = 7 and V = V. Equivalently, if N a = Np > and < f3 < a = tt then 
the data T> 2 given in (2.5) uniquely determines V. 

In the next result, the analog of Theorem 2.1 is considered when iV a = Np — 1. 

Theorem 2.3 With the same notation as in Theorem 2.1, suppose that 

(i) < 13 < a < tt. 
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(ii) N a = Np - 1 > 0. 

(iii) hp a = h n . 

(iv) a d (H a ) = cr d (# 7 ). 

(v) The intersection of o~d(Hp) and a d {H e ) contains at least N a common elements. 

(vi) |F a (fc)| = |F 7 (fc)|/orfceR. 

Then, we have a = 7, (3 = e, and V = V . This is equivalent to saying that if N a = 
Np — 1 > and < (3 < a < % then {V, a, (3} is uniquely determined by the data V s 
defined in (2.6). 

In the next theorem we consider the analog of Theorem 2.3 when a = tt, or equiva- 
lently, the analog of Theorem 2.2 when N a = Np — 1. 

Theorem 2.4 With the same notation as in Theorem 2.1, assume that 

(i) < 13 < a = tv. 

(ii) N a = N p - 1 > 0. 

(iii) (3 = e. 

(iv) cr d (H a ) = cr d (-ff 7 ). 

(v) The intersection of o~ d (Hp) and a d (H e ) contains at least iV a common elements. 

(vi) |F a (fc)| = |F 7 (fc)|/orfceR. 

Then, we have a = 7 and V = V. Equivalently said, if N a = Np — 1 > and < (3 < a = tv 
then the data V4 given in (2.7) determines V uniquely. 

We note that if iV a = in Theorems 2.1-2.4 above, then V itself is reconstructed 
uniquely [cf. (5.1)-(5.11)] from \F a \ without needing /3, hp a , or any possible eigenvalue of 
Hp. The next result is the analog of Theorem 2.1 but when \Fp\ is known instead of |F a |. 

Theorem 2.5 With the same notation as in Theorem 2.1, suppose that 

(i) < (3 < a < tv. 

(ii) N a =Np> 0. 
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(iii) hp a = h €J . 

(iv) a d (H a ) = a d (Hj). 

(v) a d (Hp) = a d (H e ). 

(vi) \Fp(k)\ = \F e (k)\forkeR. 

Then, we have a = 7, (3 = e, and V = V. Equivalently, if N a = Np > and < (3 < a < it 
then the data V 5 given in (2.8) uniquely determines {V, a,/3}. 

We note that if Np = in Theorem 2.5, then V itself is uniquely determined by \Fp\ 
without needing hp a . The analog of Theorem 2.2 is given next when \Fp\ is known instead 
of \F a \; it is also the analog of Theorem 2.5 when a = n. 

Theorem 2.6 With the same notation as in Theorem 2.1, assume that 

(i) < [3 < a = 7r. 

(ii) N a = N f3 > 0. 

(iii) a = 7. 

(iv) a d (H a ) = a d ( J ff 7 ). 

(v) a d (H f3 ) = a d (H e ). 

(vi) \Fp(k)\ = \F e (k)\ fork G R. 

Then, we have (3 = e and V = V . This is equivalent to saying that if N a = Np > and 
< (3 < a = 7r then the data Vq defined in (2.9) uniquely determines {V,(3}. 

In the next theorem we present the analog of Theorem 2.3 but when is known 
instead of \F a \; equivalently, it is the analog of Theorem 2.5 when iVo, = Np — 1. 

Theorem 2.7 With the same notation as in Theorem 2.1, suppose that 

(i) < (3 < a < tv. 

(ii) N a = Np - 1 > 0. 

(iii) (3 = e. 
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(iv) hp a = h n . 

(v) a d (H a ) = cr d (# 7 ). 

(vi) a d (Hp) = a d (H e ). 

(vii) \F p (k) \ = \F e (k)\ for ken. 

Then, we have a = 7 and V = V. Equivalently, if N a = Np — 1 > and < (3 < a < it 
then {V,a} is uniquely determined by the data V7 given in (2.10). 

Finally, we state the analog of Theorem 2.4 but when \Fp\ is known instead of \F a \; 
it is also the analog of Theorem 2.7 when a = n. 

Theorem 2.8 With the same notation as in Theorem 2.1, suppose that 

(i) < f3 < a = 7r. 

(ii) N a = N p - 1 > 0. 
(hi) = e. 

(iv) a = 7. 

(v) a d (H a ) = <J d (Hy). 

(vi) a d (Hp) = a d (H e ). 

(vii) \Fp(k)\ = \F £ (k)\ for k 6R. 

Then, we have V = V. This is equivalent to saying that if N a = Np — 1 > and < (3 < 
a = re then V is uniquely determined by the data {(3, \Fp(k)\ for k e R, {^ajlj^i, { K i3j}^=i}- 

3. PRELIMINARIES 

We first state some known results [7,8,10-12,19-22,28-31] that we need for the proofs 
of Theorems 2.1-2.8. Consider the Jost solution f{k,x) to (1.2) with the asymptotics in 
(1.6). The properties of f{k,x) are well understood. For each fixed x G [0, +00), it is 
known that /(•, x) and /'(-, x) are analytic in C + and continuous in C+. Also, f(k, 0) and 
f'(k 7 0) are real valued if k E I + U {0}, where I + := z(0, +00) is the positive imaginary axis 
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in C + . Moreover, as k — > oo in C+ we have 

1 f°° 

/(^,0) = 1- — dxy(x) + o(lA), (3.1) 

1 r 00 

f'(k,0) = ik-- dxV(x) + o(l), (3.2) 

2 Jo 

= ik- dxV(x)e 2ikx + o(l/k). (3.3) 



f(M) 
/(M) 



Furthermore [32], we have as k — > in C+, 

/(M) " /(0,0) + /(0,0)2 + ° W ' ^°^ ' ( 3 - 4 ) 

It is known that /(•, 0) has a finite number of simple zeros in C + , which correspond to the 
eigenvalues of H n . The only real zero of /(•, 0) may occur as a simple zero at k = 0. 

The properties of the Jost function F a defined in (1.5) are also well understood [8] 
and are summarized in the following proposition. 

Proposition 3.1 For a G (0,7r], let F a be the Jost function associated with a potential in 
the Faddeev class and related to the boundary condition (1.3). Then, F a is analytic in C + 



and continuous in C+. Further, F a has a finite number of zeros in C + and they are all 



located on I + . The zeros of F a in C+ are simple, and the only real zero of F a may occur 
as a simple zero at k = 0. 

As stated below (1.6), we use iK a j to denote the zeros of F a in C + , and we order 
them as < K a i < • • • < K a N a . 

Proposition 3.2 Assume V is in the Faddeev class and a G (0, n}. Then, the corresponding 
Jost function F a can be uniquely reconstructed from its amplitude given on R and its zeros 
in C + . For a G (0, n) we have 

N ^k-iK aj \ f-1 f°° J log(£/|F a (£)|) 
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and for a = ir we get 



J =1 



k + in 



exp 



TTj 



J_ 



dt 



where iO + indicates that the value for k E R must be obtained as a limit from C + . 
PROOF: Let 



k I ttt k — in. 



n 



F a (k) \f = 1 1 k + 



a E (0, 7r), 



G a (k) := { 



j=i 



a = 7r. 



With the help of (1.5) and Proposition 3.1, we see that G n has no zeros in C+ \ {0} and 
logG n belongs to the Hardy class of functions that are analytic on C + . From (3.1) we get 



\ogG w (k) = 0(l/k), £;^ooinC+. 

Note that /(0,0) and /'(0,0) cannot simultaneously be zero because this would imply 
/(0, x) = for all x > 0, contradicting (1.6). Thus, when /(0,0) = 0, with the help of 
(3.5) we get 

logG^k) = log /'(£;, 0) + log (-ik/f (0,0) 2 ) + 0(1), k - in C+. 
Consequently, 

/oo 
dtllogG^t + iz)] 2 < C, z>0, 
-oo 

for some constant C. Since logG^ is analytic for k E C + and 



Re[logG w (A;)] = log|G 7r (ife)|, k E R, 



it follows from the Schwarz integral formula (see, e.g., Theorem 93 on p. 125 of [25]) that 



1 [°° 
\ogGJk) = — dt 

™ i-oo 



log I I 
t - k 



k E C+ 



(3.8) 
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Moreover, \og(G n (t + iz)) — > log(G 7T (t)) as z — > + in the L 2 -sense and a.e. in t. Conse- 
quently, (3.7) follows from (3.8). We prove (3.6) in a similar way by using the analyticity 
of \ogG a in C + , (3.1)-(3.5), Proposition 3.1, and 



dtllogG^t + iz)] 2 < C, z > 0, 



for an appropriate constant C. | 

The large /c-asymptotics of the Jost functions are treated in the next proposition. 



Proposition 3.3 If a, f3 E (0,7r), then, as k — > oo in C+, we /mi>e 



F a (k) = k-i 



cot 



i r 



<ix V(x) 



+ o(l), 



F -( k ) = 1 -^J Q dxV(x) + o(l/k), 
F a (k)-F f3 (k) = ih f3a -^ J dxV(x) + o(l/k), 

E^L = k-i cot/3 + z [ dxV(x)e 2lkx +o(l/k), 
F 7v{k) Jo 



Fp(k) 



1 , i 
k + ¥ 

F a (k) 



/•OO 

cot/3 - / dxV(x)e 2lkx 
Jo 

i hpa hp a cot (3 



1 + 



k 2 



cot 2 /3 

-f o(iA 2 ), 



+ o(iA 3 ), 



(3.9) 

(3.10) 
(3.11) 
(3.12) 
(3.13) 
(3.14) 



Fp(k) ' ' k 
where hp a is the constant defined in (2.1). 

PROOF: We obtain (3.9)-(3.14) directly by using (3.1)-(3.3) in (1.5). | 

Notice that F a (k) is purely imaginary for k e I + if a G (0, tv) and that F n (k) is 
real for k £ I + . Next, we analyze the small- k asymptotics of the Jost function. Since 
/(0,0) and /'(0,0) cannot be zero at the same time, with the help of (1.5) we see that if 
F a (0) = for any one value of a G (0, n) \ {n/2} then we must necessarily have /(0, 0) ^ 
and /'((), 0) ^ 0. Clearly, (1.5) also implies that F n (0) = if and only if /(0,0) = and 
/'(0, 0) ^ 0. Furthermore, from (1.5) we can conclude that for a, j3 G (0, tt], if a ^ j3 then 
we cannot have F a (0) = -Fg(O) = 0. Hence, in Propositions 3.4 and 3.5 below, we do not 
need to consider the trivial case with F a (0) = -Fs(O) = 0. 
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Proposition 3.4 Assume a, f3 G (0,7r). As k — > in C+, we /iaue 

f F Q (0) i/c/i^a 



*>(0) FMO) 2 



+ o(fc), ^(0)^0, 



(3.15) 



k h(3 a 



[l + o(l)], F^(0) = 0, a ^(3. 



PROOF: Using (1.5), (3.4), and (3.5), we expand F a /Fp as k -> in C+ and use (2.1) 
to simplify the result. Note that if Fp(0) = 0, then with the help of (1.5) and (2.1) we 
obtain F a (0) = ihp a f(0 : 0), which enables us to get the asymptotics in the second line of 
(3.15). | 



Proposition 3.5 Assume (3 G (0, 7r). As k — > in C+, we have 

< i+(0) k 



Fp(k) 



Fp{k) 
F n (k) 



= < 



Fp(0) Fp(0r 
i+(0) 2 



+ o(k), Fp(0)^0, 



(3.16) 



k 

Fp(0) 



[l + o(l)], Fp(0) = 0. 
k 



+ 



F w (0) ' i+(0) 2 



+ o(fc), i+(0)^0, 



(3.17) 



k 



[l + o(l)], i+(0) = 0. 



PROOF: Using (1.5), (3.4), and (3.5), we get the expansion in the first line of (3.16). Note 
that, if Fp(0) = 0, we must have ^(0) 7^ and hence we get the expansion in the second 
line of (3.16). In a similar way, the first line of (3.17) is obtained from (1.5) and (3.4), and 
the second line is obtained from (1.5) and (3.5) by noting that Fp(0) = —if (0,0) when 
i+(0) = 0. I 

Proposition 3.6 If a,f3 E (0,7r), then for k G R we have 



Re 



Fjjs) 
Fp(k) 



k 



\Fp(k)r 



Re 



Fpjk) 
F^k) 



k 



l^(*)| 2 ' 



Re 



iFp(k) 
F a {k) 



khp c 



\F a (k)\- 



, (3.18) 



PROOF: The first two identities in (3.18) are obtained directly from (1.5) and the well- 
known Wronskian identity [7,8,10,19-22,28-31] 



f(k, 0) f>(k, 0) - f(k, 0) f'(k, 0) = -2ik, k G R, 
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(3.19) 



where an overbar denotes complex conjugation. To get the third identity, we use (1.5), 
(2.1), and (3.19). | 

Proposition 3.7 Let H a and Hp be two realizations of the Schrddinger operator for the 
potential V in the Faddeev class with respective boundary conditions a and (3, and respective 
eigenvalues {— k^}^^ and {— k^-}^^. Assume that < (3 < a < n. Then, o~d(H a ) and 
ad(Hp) are disjoint, and either Np = N a or Np = N a + 1. In the former case we have 

< K a i < Kpi < K a2 < Kp 2 < ■ ■ ■ < K aNa < KpN a ? (3.20) 

and in the latter case we have 

< Kpi < Av Q i < Kp 2 < K a2 < ■ ■ ■ < K aNa < Kp( Na + 1 ). (3.21) 

PROOF: First, let us prove that the eigenvalues of H a and Hp cannot overlap. Recall that 
the eigenvalues of H a correspond to zeros of the Jost function F a in C + . If — k 2 were a 
common eigenvalue, then we would have F a (w) = Fp(in) = 0. By (1.5), this would imply 
f{in, 0) = f'(in, 0) = because we assume a > (3. This, however, would force f(in, x) = 
for all x > 0, which is incompatible with (1.6). Next, let us prove that either Np = N a 
or Np = N a + 1, and that either (3.20) or (3.21) holds. The quadratic form [33,34] Q a 
associated with H a is given by 

Qa (</>, = 1>') + (V<t>, ip) - cot a ■ 0(0) • VK0), a G (0, tt) , 
with domain ^1,2(0, +00), and 

with domain W^l (0, +00). Here, we use (•, •) for the standard scalar product in L 2 (0, +00), 
^1,2(0, +00) for the standard Sobolev space [35], and wjty(Q, +00) for that Sobolev space 
with the Dirichlet boundary condition 0(0) = 0. Note that W^(0, +00) C W lj2 (0, +00). 
Since the difference of the resolvents of H a for different values of a is a rank-one operator, 
it follows from the min-max principle and the spectral mapping theorem [22] that the 
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eigenvalues of H a and Hp must interlace. Further, we get —Kp Nf3 < —K 2 aNa because (3 < a 
and <Jd(H a ) and a^{Hp) are disjoint. Thus, we must have either Np = N a or Np = N a + 1, 
and in the former case (3.20) must hold and in the latter case (3.21) must hold. | 

Proposition 3.8 Assume < (3 < a < tt, and let F a and Fp be the Jost functions 
associated with a potential in the Faddeev class with respective boundary conditions a and 
f3. We have the following: 

(i) //F Q (0)=0 thenNp = N a + l. 

(ii) IfFp(0) = thenNp = N a . 

PROOF: From Propositions 3.1 and 3.7 we know that the zeros of F a and Fp are simple 
and interlace on I + and that either Np = N a or Np = N a + 1. The asymptotics of F a 
and Fp as k — > oo on I + are already known from Proposition 3.3; by also analyzing the 
signs of F a and Fp as k — > on I + , we can tell whether Np = N a or Np = iV a + 1. When 
< (3 < a < tt, we have Np = N a if F a /Fp remains positive (or approaches + or +oo) 
as k — > on I + , and we have Np = N a + 1 if that sign remains negative (or approaches 
0~ or — oo). When < (3 < a = 7r, in the light of the asymptotics in (3.13) as k — > oo on 
I + , we have Np = N a if iF^/Fp remains positive (or approaches + or +oo) as k — > on 
I + , and we have Np = N a + 1 if that sign remains negative (or approaches 0~ or — oo). 
In the former case of a ^ 7r, using the first line of (3.15) with F a (0) = 0, we see that the 
sign of F a /Fp as k — > on I + coincides with the sign of hp a / 'Fp(0) 2 , which is negative 
due to the facts that hp a > and Fp(0) is purely imaginary. Thus, (i) holds if a E (0, n). 
On the other hand, if a = tt, by putting F n (0) = in the first line of (3.16) and noting 
that Fp(0) is purely imaginary, we see that the sign of iF^/Fp remains negative as k — > 
on I + . Thus, (i) is valid also when a = it. Let us now turn to (ii). If a G (0, 7r), by first 
interchanging a and (3 in the first line of (3.15) and then by setting Fp(0) = there, we 
see that the sign of Fp/F a as k — > on I + coincides with the sign of h a p/F a (0) 2 , which is 
negative due to the facts that h a p = —hp a < and F a (0) is purely imaginary. Thus, (ii) 
is proved when a G (0, tt). When a = tt, from the second line of (3.16) we see that iF n /Fp 
remains positive as k — > on I + , and hence Np = N a if Fp(0) = 0, as stated in (ii). | 
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Next, we review certain known results [7,8,31,36-38] related to the spectral function 
associated with H a . Let (p a (k,x) be the regular solution to (1.2) satisfying the boundary 
conditions 

(p a {k,0) = l, (fr a (k,Q) = -cot a, ae(0,7r), 

(3.22) 

<p n (k,0) = 0, <p' n (k,0) = l. 
There is a monotone increasing function p a (A) with A G R, known as the spectral function, 
such that for any g G L 2 (0, +oo), 

(U a g)(X) := s- lim / dx ^(v 7 !, x) g(x), 
exists as a strong limit in L 2 (R, dp a ), and moreover the following Parseval identity holds: 

(g,h) = {U a g,U a h), 

where we recall that (•, •) is the standard scalar product in L 2 (0, +oo). The map U a allows 
a spectral representation of H a . It follows from [7,8] that 

' V\ i „ , . „ 

n 

„ ( 3 - 23 ) 



dp a (X) = < 



J29lj8(\ + K 2 aj )d\, A<0, 



V 3 = 1 

where S(-) is the Dirac delta distribution and the constants g a j are given (cf. [7,8]) by 

f |/(l«ai,0)| 



9aj =■ < 



Wf(iKaj,-)\\' 

\f(i^j,0)\ 



a G (0, 7r), 



a = 7r, 



I ll/(*«7rj,-)ir 

with || • || denoting the norm in L 2 (0, +oo) and f(k,x) being the Jost solution to (1.2). 
Note that the Marchenko norming constants m a j associated with the eigenvalues — k 2 ^ are 
defined as 

Il/(*«ajv)|| 

With the help of (4.2.19) of [8] and (1.5), one can show that 



( 1 



I \ f{il^ajj 



2k 



F a (iK aj ) f(iK aj ,0), aG(0,7r), 



(3.24) 



2 k. 



F^in^j) f'(iK nj ,0), a = 7r, 



TTJ 
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with the overdot denoting the /c-derivative. Thus, if a G (0,n), then both {g a j}j=\ an d 
{m a j} 7 -=i can be constructed once F a and f(in a j, 0) are known. On the other hand, if 
a = 7r, then we can construct those norming constants when we know and /'(in^j, 0). If 
< (3 < a < n, as seen from (2.2), once we know F a , Fp, and hp a , we can evaluate f(k, 0) 
and hence f(iK a j, 0); in particular, we get Fp(in a j) = —i hp a f(iK a j, 0). If < (3 < a = n, 
from (1.5) it follows that f'{iK^j, 0) = i Fp{in^j), and hence knowledge of Fp and F n allows 
us to construct both the Gel'fand-Levitan and Marchenko norming constants. We have 



2lK a j Fp{lK 



9aj = < 



m 



hp a F a (iK a j) 



'2 K„j FpjiK^j) 
F-K {in-fti) 

—2iK a j hp a 

(%K a j) F a (iK a j^ 



-2 k 



TTJ 



Fp 



< (3 < a < 7r, 

< (3 < a = 7r, 
< f3 < a < 7r, 

< f3 < a = 7r. 



(3.25) 



(3.26) 



4. PROOFS OF THE MAIN THEOREMS 

In this section, we present the proofs of Theorems 2.1-2.8. In each proof, we describe 
how the boundary conditions are uniquely reconstructed and how enough information can 
be assembled for the unique recovery of the potential via the methods of Section 5. 

PROOF OF THEOREM 2.1: In this case we have Np = N a and < < a < tt. Since 
\F~f(k)\ = \F a (k) \ for k e R, it follows from (3.9) and (3.10) that we have 7 < 7r; moreover, 
we get e < 7 because h el = hp a > 0. We would like to show that our data V\ given in 
(2.4) uniquely reconstructs V, a, and (3. Note that by Proposition 3.8(i), we must have 
F a (0) ^ 0. Define 



Ai(fc) := -i + i 



n 



F a (k) 1 = 1 V + K% 
From the third formula in (3.18) it follows that 

khp 



(4.1) 



N, 



Re[Ai(fc)] = 



n K + K cj 



k e R. 



(4.2) 
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The properties of F a and Fp stated in Proposition 3.1 indicate that Ai is analytic in C + 
and continuous in C+ \ {0}. Using (3.14) with a and (3 interchanged, from (4.1) we get 



Ai(fe) = 



hp 



— H 

k k 2 



hp a cot a 



K 0.i) 



+ o(l/k 2 ), £;^ooinC+. (4.3) 



As k — > in C+, noting that F a (0) ^ and using the first line in (3.15) with a and j3 
switched, from (4.1) we see that Ai(/c) = O(l) and hence Ai is continuous at k = 0. In 
terms of the data £>i, we construct the right hand side of (4.2) and use it as input to the 
Schwarz formula 



Ai(fc) 



1 



TVl 



dt 



t-k-i0+ 



Re[Ai(t)], keC+. 



(4.4) 



Thus, Ai is uniquely constructed. Note that using T>i and (4.3), we can recover cot a and 
hence a as well. Then, cot f3 and hence (3 can be recovered by using (2.1). Our data also 



allows the construction of F a in C+ via (3.6). Then, having F a and Ai in hand, we obtain 
Fp from (4.1) as 

N <* p + k 2 

Fp(k) = F a (k) [l - i Ax(fc)] J] w-Jr- 

j=l K + K aj 

Having F a , Fp, and hp a , we can reconstruct V uniquely by using any one of the methods 
described in Section 5. Analogous to (2.4), let us define the data set T>\ as 



V x := {/i £7 , |F 7 (fc)| for k G R, {h 13 }%, 



Then, the uniqueness for V\ i— > {V, a, /?} follows from the fact that V\ = V\. | 

PROOF OF THEOREM 2.2: We have < (3 < a = tt and N n = Np. As in the proof of 
Theorem 2.1, we prove that e < 7 = tt. We cannot have ^(0) = as implied by Proposi- 
tion 3.8(i). We would like to show that our data V 2 given in (2.5) uniquely reconstructs 
V. Proceeding as in the proof of Theorem 2.1, let us define 



A 2 (fc) := -1 " r 



(4.5) 
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Using the second identity of (3.18) in (4.5) and noting that Fp(0) is purely imaginary and 
F w (0) is real, we see that 



k e R. 



(4.6) 



Proposition 3.1 implies that A 2 is analytic in C + and continuous in C+ \ {0}. Using (3.12) 
in (4.5) we get 



A 2 (fc) 



k 



tco td+ F/j(0) TT ^ 
zcot/3+ ^(o)ll^, 



+ o(l/k), k->oomC+. 



(4.7) 



As k — > in C+, since F^O) ^ 0, with the help of the first line in (3.17), from (4.5) we 
see that A 2 (/c) = 0(1) and hence A 2 is continuous at k = 0. Our data V 2 allows us to 
construct A 2 by using the right hand side of (4.6) as input to the appropriate Schwarz 
formula similar to (4.4). Having constructed A 2 , using (4.7) we obtain 

(4.8) 



where the limit can be evaluated in any way in C+. Next, using (3.7) we construct F n . 
Then, using (4.5) and (4.8) we get 



F p (k) = kF 7V (k) 



A 2( , ) + l-^-I( limJ.A^)] 



n : 



i=i 



k 2 + 



7TJ 



Finally, having both F n and Fp in hand, U can be reconstructed uniquely as indicated in 
Section 5. | 

PROOF OF THEOREM 2.3: In this case we have N p = N a + 1 and < (3 < a < tt. 
Arguing as in the proof of Theorem 2.1, we get e < 7 < tt. We would like to show that 
our data V 3 defined in (2.6) uniquely reconstructs V, a, and (3. Notice that exactly one of 
the Kpj is missing from our data. Without loss of any generality, we can assume that the 
missing element in V 3 is KpNp and use 



^3 = {hf, a , \F a (k)\ for keR, {K aj }f^, 



(4.9) 
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Our data allows us to construct F a via (3.6). By Proposition 3.8(H), we see that Fp(0) 7^ 0. 
Define 



A 3 (k) :=ik F ^ k)i=1 



11^ + ^) 



F a (k) n 

3=1 



(4.10) 



Proposition 3.1 indicates that A 3 is analytic in C + and continuous in C+. Using (3.14) 
with a and (3 switched, we obtain 



A 3 (*) 



k k 2 k 3 



hp a cot a + ^ K lj ~^2 K 



03 



3 = 1 



3=1 



+ o(l/k 2 



k — > 00 in C+. 

(4.11) 



From the third formula in (3.18) we get 



Re[A 3 (fc)] 



h/3 a k 2 j=i 



\F a (k)\ 2 *e 

3=1 



k e R. 



(4.12) 



If we had KpNp in ^3, we would be able to construct A 3 by using the right hand side of 
(4.12) as input into the appropriate Schwarz formula similar to (4.4) and obtain 



31 } mj^t-k- z0+ t 2 + n 2 Np \F a (t)\ 2 11 1 2 + K 



Na t 2 + 

2 ' 



k G C+. 



(4.13) 



However, since k^n^ is missing in our data, we proceed in a slightly different manner. By 
replacing KpNp with an arbitrary positive parameter k on the right hand side of (4.13), we 
obtain a one-parameter family of functions 



H(k 



,«) := A [ 

m J- 



dt 



h N a .2 2 

n 



t - fc - z0+ t 2 + |F Q (t)| 2 t 2 -\- k 



2 ' 
0j 



fc g C+, 



(4.14) 



that are analytic for G C + and continuous for G C+. Note that 7i(/c, K/3n ) = A 3 (fc). 
Having constructed Ti(k, k) containing k as a parameter, we impose the restriction 



lim [k Ti(k, «)] = z, 

fc^oo 



(4.15) 
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so that, as seen from (4.11), the leading terms in the large-/c asymptotics in H(-, k) and 



A 3 agree. Provided we interpret the limit as a nontangential limit in C+, we show in 
Proposition 4.1 that (4.15) has the unique positive solution n = KpN - Having constructed 
7i{k, k) and KpN , we obtain As(k) as TC(k, KpN p )- Then, we construct Fp via (4.10) as 

Fp(k) = i F a (k) H(k, KflNll ) ^ . 

ri^ 2 +<-) 

Note that the value of cot a can now be obtained from (4.11), and then cot/3 can be 
computed via (2.1). Thus, our data allows us to construct a and (3. Having F a , Fp, and hp a 
in hand, V can be reconstructed uniquely via a method given in Section 5. Alternatively, 
after obtaining V, we can evaluate a and (3 with the help (3.9) and then (2.1). | 

PROOF OF THEOREM 2.4: We have Np = N a + 1 and < (3 < a = tt. As in the proof 
of Theorem 2.1 we prove that e < 7 = tt. We will show that V4 given in (2.7) uniquely 
reconstructs V. As in the proof of Theorem 2.3, without loss of any generality we can 
assume that the missing element in V4 is KpNp and use 

D 4 = {/?, \F v (k)\ for kR, Kj}^, {^ 3 }%}- (4.16) 

We construct F^ via (3.7). From Proposition 3.8(h), we conclude that Fp(0) ^ 0. Letting 

n<* 2 + <,) 

^■■=-^ k W)^ — • <4l7) 

II( fc2 + 4i) 

i=i 



by Proposition 3.1 we observe that A 4 is analytic in C + and continuous in C+. From (3.12) 
we obtain 

i cot (3 



A 4 (k) = -— + o(l/k), £;^ooinC+, (4.18) 

k 
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and from the second identity in (3.18) we get 



Re[A 4 (fc)] = -1 + 



k 2 



F^k)] 2 

11(^ + 4,) 



k eK. 



(4.19) 



If we had KpNp in ^4, we could construct A4 by using (4.19) as input into the analog of 
(4.4) and obtain 



1 f° 

A 4 fc = - / 

ki J- c 



dt 



t-k-iO+ 



t 2 + ^N,\ F ^\ 2 f = V 2 + 



n 



K 



k G C+. (4.20) 



Since KpNp is missing in our data, we proceed as in the proof of Theorem 2.3. By replacing 
K/3N/3 with an arbitrary positive parameter k on the right hand side of (4.20), we obtain a 
one-parameter family of functions 



(fc, /"b) 



dt 



tvi ./_oo t — k — i0 + 



N n ,2 



t 2 + K 2 \F 7r (t)\ 2 l = \t 2 + 



n 



r + k 



7TJ 



- 1 



ft/ 



G C+, 



that are analytic for k G C + and continuous for G C+. Note that H n (k, KpNp) = A 4 (fc). 
Having constructed T~L-k{--, k) containing k as a parameter, we impose the restriction 



lim [kTL^{k, «)] = — i cot/3, 



(4.21) 



so that, as seen from (4.18), the leading terms in the large-fc asymptotics in 7i n (-, k) and A4 
agree. We prove in Proposition 4.1 that (4.21) has the unique positive solution k = KpNp 



provided the limit in (4.21) is a nontangential limit in C+. Having 7i n (-, k) and KpNp in 
hand, we obtain A 4 (fc) as H n (k 7 KpN p )- Then, Fp is obtained via (4.17) as 

Fp(k) = 1 F 7T (k) [H^k, KfiNp ) + 1] 3 ' 



ri( fc2 +<-) 



Having found F n and Fp, V can be reconstructed uniquely as explained in Section 5. | 
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Proposition 4.1 Assume that each of the data sets V 3 and V 4 given in (4.9) and (4.16), 
respectively, is associated with a potential in the Faddeev class. If the limits in (4.15) and 



in (4.21) are interpreted as nontangential limits in C+, then (4.15) and (4.21) each have a 
unique positive solution, and that solution is given by r = k^. 

PROOF: For the part of the proof related to (4.15), we proceed as follows. Define 



^-iy^^ ™-r* 4 mam] 



With the help of (4.11) and (4.15) we see that the latter is equivalent to 



lim [kH(k,K) - kA 3 (k)} = 0, 



and that (4.12)-(4.14) imply 



k 2 - k 2 
kH(k, K ) -JfeA 3 (fc) = Ji(fc), 

and hence our proof will be completed by showing that the nontangential limit of Ii(k) 
exists and is nonzero. We note that 

h(k) - m =-jy?^m. (4 , 2 ) 

Writing k in terms of its real and imaginary parts as k := k^ + ikj, from (3.9) and (4.12) 
we obtain 

/oo 
(it 
-CX 



1 



y/{t-k R )* + Kj it 2 + n 2 )(t 2 + k 2 N0 ) 
for an appropriate constant C. With the help of the estimate 



\t\ > IMA 



< 



we get hik) = o(l) as k — > oo in C+ provided kj > 8± for some positive 5±. Using the 
facts [cf. (4.12)] that Re[A 3 (t)] is bounded on R and is positive when t ^ 0, we conclude 
from (4.22) that the nontangential limit lim^oo h (k) exists and is negative. 
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Arguing as above, we prove that (4.21) has the unique positive solution k = KpNp 



provided that the nontangential limit lim^oo I(k) in C+ is zero, where we have defined 

t Re[A 4 (£) + 1] 



f 

I(k) := / 

J — c 



dt 



t-k-iQ+ t 2 + n 2 
For any T > 0, let us write I(k) = h(k) + h(k) with 

t Re[A 4 (t) + 1] 



h{k) 



dt 



| t |> T t-k-i0+ t 2 +K 2 
By the Schwarz inequality, we have 



h(k) :-- 



dt 



t Re[A 4 (t) + 1] 



t i< T t-k-i0+ t 2 + K 2 



\h{k)\ 2 <c(f 

\J — 



dt 



dt 



t2 + k V \J\t\>r (t 2 + n 2 ) 2 



where C is an appropriate constant [cf. (4.19)]. Thus, given 82, 83 > we can take T large 
enough so that |/3(fc)| < 82 for all k £ C + with fej > 83. Moreover, with T fixed as above, 
for \kn\ > 2T we get < CT/(\ku\ + kj) for an appropriate constant C. Hence the 

nontangential limit lim^oo I(k) is zero. | 

PROOF OF THEOREM 2.5: In this case we have N p = N a and < (3 < a < n. As in 
the proof of Theorem 2.1, we prove that e < 7 < n. We would like to show that V 5 given 
in (2.8) uniquely reconstructs V, a, and (3. Let 



A$(k) := ik — hp a — ik 



F a (k) 



N fi 

n 



k 2 + 



Fp{k) lJ. k 2 + K 2 aj - 

Using the third identity in (3.18) with a and f3 switched, from (4.23) it follows that 



(4.23) 



Re[A 5 (fc)] = -hf, a + 



k 2 h 



n 



Np k 2 



K 



03 



k e R, 



(4.24) 



\F P (k)\ 2 fA* 2 + <i 

where we have also used hp a = —h a p. The properties of F a and Fp stated in Proposition 3.1 



allow us to conclude that A 5 is analytic in C + and continuous in C+ \ {0}. With the help 
of (3.14), from (4.23) we get 



A 5 (fc) 



i 
k 



+ o(l/k), k -> 00 in C+. 



(4.25) 
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As k — > in C+, using (3.15) in (4.23) we see that A 5 (fc) = 0(1) regardless of whether 
Fp(0) = or not, and hence A 5 is continuous at k = 0. Then, in terms of X> 5 , we construct 
A5 with the right hand side of (4.24) as input to the appropriate Schwarz formula analogous 
to (4.4). Using (4.25) we get the value of cot (3 and hence (3. Then, with the help of (2.1) 



we get the value of a. Next, using (3.6) our data allows us to construct Fp in C+. Then, 
having Fp and A 5 in hand, we obtain F a via (4.23) as 

F a (k) = - Fp{k) [hp a -ik + A 5 (k)} J] T2--I 1 - 

3=1 K + K Pj 

Finally, having F a , Fp, and hp a in hand, V is reconstructed uniquely as indicated in 
Section 5. | 

PROOF OF THEOREM 2.6: We are in the case < (3 < a = ir and N n = Np. As 
in the proof of Theorem 2.1 we establish e < 7 = tt, and we note that we cannot have 
^(0) = due to the assumption = Np. We will show that Vq defined in (2.9) uniquely 
reconstructs V and f3. Proceeding as in the proof of Theorem 2.1, let us define 



7TJ 



Using the first identity of (3.18) in (4.26), we obtain 

, 2 N f> p _|_ K 2 

RBlAetm = -1 + J[ k e R. (4.27) 

Proposition 3.1 implies that A 6 is analytic in C + and continuous in C+ \ {0}. Using (3.13) 
in (4.26) we get 

i cot j3 



A 6 (k) = — -— + o(l/k), £;^ooinC+. (4.28) 

K 



As k — > in C+, using (3.16) in (4.26) we see that Ag(/c) = 0(1) regardless of whether 
Fp(0) = or not, and hence A 6 remains continuous at k = 0. Our data V 6 allows us to 
construct A 6 with the right hand side of (4.27) used as input to the appropriate Schwarz 
formula, which is the analog of (4.4). Having constructed A 6 , we recover f3 with the help 



of (4.28). Next, using (3.6) we construct Fp in C+, and from (4.26) we get 

Nfi i 2 . 2 

F^k) = -Fp{k) [Afl (fc) + 1] ft pnr^- 
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Then, having both F n and Fp in hand, V can be reconstructed uniquely as shown in 
Section 5. | 

PROOF OF THEOREM 2.7: This is the case Np = N a + 1 and < (3 < a < ir. We prove 
e < 7 < 7T as in the proof of Theorem 2.1. We would like to show that our data V7 given in 
(2.10) uniquely reconstructs V and a. Since V 7 contains (3 and hp a , we get a from (2.1). 
In this case Proposition 3.8(h) implies that Fp(0) ^ 0. Define 



A 7 (k) := -ik + hp a - 



i F a (0) J2 



K 2 



k Fp(0) 



+ 



i F a (k) j=i 



n 



k Fp(k) N ? 



(4.29) 



K 



aj 



Using the third identity in (3.18) with a and (3 switched, from (4.29) we get 



Re[A 7 (fc)] = hp c 



hp a j=i 

\Fp(k)\ 2 Np-i 

n ^ 2 + o 



(4.30) 



where we have also used /i^a = —h a p. Proposition 3.1 indicates that A7 is analytic in C + 



and continuous in C+ \ {0}. With the help of (3.14), as k — > 00 in C+ from (4.29) we get 



Ar(fe) = £ 



iV/3 



iV/3-1 



-Zl/30 COt (3 + ^ K h - ^2 



K, 



F a (0) H 



J'=l J=l PV ^ TT 2 



Setting 



we see that 



7V„ 



n 



JV«-1 



P(fc) := ik A 7 (fc) - hp a cot (3 + J2 k Ij - J2 K 



2 

aj- 



+ o(l/k). 



(4.31) 



^(0) S 

n 



/3j 



lim P(k), 

fc^oo 



(4.32) 
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where the limit can be obtained in any manner in C+. As k — > in C+, using the first 
line of (3.15) in (4.29) we see that A 7 (fc) = 0(1) regardless of F a (0) = or F a (0) ^ 0, 
and hence A7 is continuous at k = 0. Then, the data allows us to construct A7 with 
the right hand side of (4.30) used as input to the appropriate Schwarz formula, which is 



the analog of (4.4). Next, using (3.6) we construct Fp in C+. Consequently, using (4.32) 
in (4.29) we are able to obtain F a as 



Na-l 



F a (k) = -Fp(k) 



ik - hp a + A 7 (k) + - lim P(k) 
k \ fc^oo 



n ^ 2 + <•) 



where P is as given in (4.31). Finally, having F a , Fp, and hp a in hand, V can be recon- 
structed uniquely as outlined in Section 5. | 

PROOF OF THEOREM 2.8: We have Np = N a + 1 with < (3 < a = tt. From (i), 
(iii), and (iv) we conclude that e < 7 = n. We will show that V 8 given in (2.11) uniquely 
reconstructs V. Define 



A 8 (k) := 



N/3 

n 



K 2 



k Fp(0) N/3 



+ -r 



N/3 

n(* 2 +»«) 

1 F 7V (k) 3=1 



n 



k Fp(k) n p 



(4.33) 



K 



aj 



i=i 



Via (3.6) we construct Fp in C+. Using the first identity of (3.18) in (4.33) and noting 
that Fp(0) is purely imaginary and ^(0) is real, it follows that 



Re[A 8 (fc)] = -1 + 



1 j=i 

n ( fc2 + <•) 



fc e R. 



(4.34) 



Proposition 3.1 implies that A 8 is analytic in C + and continuous in C+ \ {0}. With the 
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help of (3.13), from (4.33) we get 



A 8 (fc) 



k 



1 



i cot (3 — 




+ o(i A), 



— > oo in C+. 



(4.35) 



Again we have Fp(0) ^ because of Proposition 3.8(h). As k — > in C+, using the hrst 
line of (3.16) in (4.33) we see that Ag(/c) = 0(1) and hence Ag is continuous at k = 0. Now 
from the data Dg, we construct Ag with the right hand side of (4.34) used as input to the 
appropriate Schwarz formula similar to (4.4). Then, with the help of (4.33) and (4.35), we 
construct F n via 



Finally, having both F n and Fp in hand, V can be reconstructed uniquely as outlined in 
Section 5. | 

5. RECONSTRUCTION OF THE POTENTIAL 

In this section we outline several methods via which the potential can be uniquely re- 
constructed from each of the data sets T>\, . . . , Z>§ given in (2.4)-(2.11). These methods in- 
clude the Gel'fand-Levitan method [7,8,10,11,31] and the Marchenko method [7,8,10,12,31] 
for the half-line inverse scattering problem, the Faddeev-Marchenko [7,10,19-22] method 
and several other methods [10,21] used to solve the full-line inverse scattering problem. 
We will show that each of T> 1 , . . . ,D 8 constructs Q a , M. a , and T defined in (5.1), (5.7), 
and (5.14), respectively. If we have F a , Fp, and hp a in hand, the norming constants g a j 
and constructed via the hrst line of (3.25) and of (3.26), respectively. Thus, each 

of Z>i, Z>3, X>5, and T> 7 yields Q a and M a . On the other hand, if we have F n and Fp in 
hand, the norming constants g^j and constructed as in the second line of (3.25) 




i cot (3 



k 
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and of (3.26), respectively. Thus, each of V 2 , T> 4 , £> 6 , and V 8 yields Q n and M. n . The 
construction of T from V l7 . . . , V 8 is achieved by using (5.18)-(5.23). 



The data set Q a used as input to the Gel'fand-Levitan method is given by 
Q a := {\F a (k)\ for fe G R, {« aj -}fc, {<7c*;}f=i}, « e (0, tt]. 



(5.1) 



It allows us to reconstruct the corresponding regular solution cp a (k,x) uniquely as [cf. 
(3.22)] 



<f a (k,x) = < 



coskx+ / dy A a (x, y) cos fey, a G (0, 7r), 
'o 



fe 



sin fey 



sinfex f X t * , 
L / dyA n {x,y) , 



(5.2) 



a = 7T, 



and the corresponding potential V uniquely as 



V(x) = 2— A Q (x,x ), ae(0,7r], 



(5.3) 



where A a (x,y) is obtained by solving the Gel'fand-Levitan integral equation [7,8,10,11] 

A a (x,y) + G a (x,y)+ I dzG a (y, z) A a (x, z) = 0, < y < x, (5.4) 

./o 

with the kernel G a (x, y) for a G (0, 7r) given by 



G, 



1 r 

,{x,y) ■= - 

n J-, 



dk 



fe 2 



\F a (k)\< 



An 



(cos fex) (cos fey) + y 2 ^- (cosh K a jx) (cosh K Q jy) , 

(5.5) 



and the kernel G n (x, y) given by 



Gn(x,y) := - 

7T 



dfe 



AT. 2 

£»7I 



(sin fex) (sin fey) + — ^- (sinh k^jx) (sinh ft^y) . 

(5.6) 

We note that, with the help of (3.9) and (3.10), it is possible to tell whether we have a < n 
or a = 7r. When a < tt, we observe that a is readily obtained from the solution to (5.4) 
because (3.22) and (5.2) imply that cot a = —A a (0,0). 

The data M a used as input to the Marchenko method is given by 



M a := {S a (k) for fe G R, {«aj}^i, {n*aj}fc}, « G (0,tt], 



(5.7) 
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where S a is the scattering matrix defined in (1.7). Given M. a , we are able to reconstruct 
the corresponding Jost solution f(k,x) uniquely as [cf. (1.6)] 

p OO 

f(k,x) = e ikx + d yK(x,y)e ik y, (5.8) 

J X 

and the potential V uniquely as 

V(x) = -2-^K(x,x + ), (5.9) 
where K(x,y) is obtained by solving the Marchenko integral equation [7,8,10,12] 

p OO 

K(x,y) + M a (x + y) + dz M a (y + z) K(x, z) = 0, < x < y, (5.10) 

J X 

with the kernel 

' -i poo N a 

— / dk[S a (k)-l]e iky + J2m 2 aj e- K <*iv, a e(0,n), 

27r J -oo pi 

M a {y) := { (5.11) 

— J dk[l- SM] e iky + J2 m h e ~ K ^ V ' a = 7r - 

Note that the solution K(x, y) to (5.10) is the same for all a G (0, 7r], whereas the solution 
A a (x,y) to (5.4) depends on a. This is not surprising because K(x,y) is related [cf. (5.8)] 
to the Fourier transform of the Jost solution f(k,x), which is independent of a, whereas 
A a (x,y) is related [cf. (5.2)] to the Fourier transform of the regular solution ip a (k 7 x), 
which depends on a. Let us also remark on the limiting values A a (x,x~) and K(x,x + ) 
appearing in (5.3) and (5.9), respectively. If we invert the Fourier transforms given in (5.2) 
and (5.8), we obtain A a (x,y) — for y > x and K(x,y) = for y < x. To emphasize 
the jump discontinuities in these functions when y = x, we use the appropriate limiting 
values in (5.3) and (5.9), even though those limits are not always explicitly indicated in 
the literature (cf. [7,8,10]). 

The potential V can alternatively be reconstructed by using the Gel'fand-Levitan 
method or the Marchenko method in the Dirichlet case. This can be done as follows. 
If we have F a , Fp, and hp a for some et,f3 E (0, 7r) with a ^ (3, then by using (2.2) we 
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can construct F 7r (k) := f(k, 0). Having F n in hand, we also have the k^j for j = 1, . . . , N. 
Finally, the Gel'fand-Levitan norming constants g n j and the Marchenko norming constants 
m n j can be constructed by using the second line of (3.25) and of (3.26), respectively. 

One can also reconstruct V by viewing it as the potential in the full-line Schrodinger 
equation with V = for x < 0. Recall that the left Jost solution f\(k, x) and the right Jost 
solution f v (k,x) are the solutions to the full-line Schrodinger equation with the respective 
asymptotic conditions 

fi(k,x) = e lkx [l + o(l)], f{(k,x) =ik e lkx [l + o(l)], x -> +oo, 

f v (k, x) = e~ ikx [l + o(l)], / r '(fc, x) = -ik e~ ikx [l + o(l)], x -> -oo. 
In this case, f\{k,x) satisfies 

f ^ = W) + n*T' x ~°' (6 ' 12) 

and it agrees with [cf. (1.6)] the Jost solution f{k,x) when x > 0. Here, L is the left 
reflection coefficient and T is the transmission coefficient. The right reflection coefficient 
R is given by 

m = - L{ ~^\ keK. (5.13) 

The potential can be uniquely reconstructed by using any one of the full-line inversion 
methods [7,10,19-22] provided we can construct the data T defined as 

T := {L(k),T(k),R(k), { Tj }*L lt H-}f =1 , {c rj }f =1 , { 7 ,}f =1 }, (5.14) 

where the —rj correspond to the full-line bound-state energies. Note that T has poles at 
k = iTj in C + for j = 1, ... , N, the c\j are the norming constants defined as [cf. (3.24)] 

ci,-:= r-^— 1 j = l,...,N, (5.15) 

\J j-^dxfiiiTj.x) 2 

the c r j are the norming constants defined as in (5.15) by replacing f\(k,x) with f r (k,x), 
and the 7-,- are the bound-state dependency constants defined as 

ir-= TpA, j = l,...,N. (5.16) 
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For example, in the Faddeev-Marchenko method [7,10,19-22] the potential V and f\(k,x) 
can be uniquely reconstructed as 



V(x) = -2 Mk,x) = e ik * 



i>oo 

1+ / dyBi(x,y)e ikv 
Jo 



where B\(x, y) is obtained by solving the left Faddeev-Marchenko integral equation 

/>00 

B!(x,y) +tt l (2x + y) + / dy Qi(2x + y + z) Bi(x, z) = 0, y > 0, 

Jo 

with the input data 



Equivalently, the potential V and f r (k,x) can be uniquely reconstructed as 



V(x) = 2 



dB r (x,0- 
dx 



f r (k,x) = e 



ikx 



I 



1+ dyB r (x,y) e 



iky 



where B r (x,y) is obtained by solving the right Faddeev-Marchenko integral equation 

/•OO 

B T (x,y) + n T (-2x + y)+ dy O r (-2x + y + z) B r (x, z) = 0, y > 0, 

Jo 

with the input data 

N 



i=i 

Let us now describe the construction of T given in (5.14) from {F a , Fp, a, (3} with 
a 7^ P or from {F^F^,/?} with /3 7^ 7r, enabling us to use any of the full-line inversion 
methods to reconstruct V. Using (5.12) and its ^-derivative evaluated at x = 0, we get 

2ik 



»fc/(fc,o)-/'(M) Tm _ 



ikf(k,o) + f(k,oy 



(5.17) 



lia^P, with the help of (2.2), (2.3), and (5.17), for fc G C+ we obtain 
(/c — z cot /3) F a (fc) — (k — i cot a) Fg(/c) 



L(fc) = 



(k + i cot /3) F a (k) - (k + i cot a) Fp(k) 
(k-i cot P)F 7r (k) -Fp{k) 



a,pe (0,tt), 



(5.18) 



{k + icotp)F n (k) + Fp{k)' 
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/5e (0,tt), 



2ikh 



Pa 



T(k) = { 



(k + i cot (3) F a (k) -(k + i cot a) Fp(k) ' 
2k 



a,(1e (0,7r), 



(5.19) 



pe (0,tt), 



I (k + i cot (3) F 7T (k) + Fp(ky 
and using (5.13), for k G R we get 

— (k + i cot j3) F a (—k) + (k + i cot a) Fp(-k) 



R{k) = < 



(k + i cot (3) F a (k) - (k + i cot a) F (k) ' 
(k + i cot 13) F n (-k) + Fp(-k) 



a,pe (0,tt), 



(5.20) 



(3e (0,tt) 



(fc + zcot/3)F 7r (A;) + F / 3(A;) ' 

Since V = for a: < 0, it is already known that the norming constants c rj - are related 
[13,21] to the residues of L at the poles k = irj as 



Cr J = V _i Res ( L > iT j)-> j = l,...,N. 



Using (5.12) and the fact that f T (k, x) = e lkx for x < 0, we have 

7i=/l ( iT ,0) = /(iTj ,0) = ^ fe ) = ^||l, 
and then via (5.15) and (5.16) we get 



(5.21) 



(5.22) 



Cy = 



C rj _ (-1)^-5^ _ ^-^^-J + ^eS^ZTj) 



l7jl 7j v/-i Res(L,zrj) 

where we have used the fact [21] that the sign of 7j is the same as that of (—1) N ~+ 



(5.23) 



6. EXAMPLES 

In this section, we illustrate the uniqueness and recovery described in Theorems 2.1-2.8 
with some concrete examples. The existence of a potential in the Faddeev class correspond- 
ing to the scattering data in each example is assured by verifying that the corresponding 
left reflection coefficient L satisfies the characterization conditions given in Theorem 3.3 of 
[39] . In these examples, the Jost functions and scattering coefficients are rational functions 
of k; consequently, the integral equations of Gel'fand-Levitan, Marchenko, and Faddeev- 
Marchenko have degenerate kernels, enabling us to solve them explicitly and to recover 
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the related potentials in closed forms. Such potentials are known as Bargmann potentials 
and they decay exponentially as x — > +00. 

Example 6.1 In the data V\ of Theorem 2.1, let us specify 



N a = 0, Np = 0, \F a {k)\ 2 = k 2 + c 2 for k e R, 

for some fixed c, but let us leave the value of hp a as yet an unspecified parameter. Since 
F a (0) 7^ 0, we cannot have c = and hence we can assume c > 0. Proceeding as in the 
proof of Theorem 2.1, we obtain 

F a (k)=k + tc, Re[A 1 (k)} = -^^, A 1 (k)- h0a 



k 2 + c 2 ' k + ic 

Using (4.3) we get cot a = — c, and hence via (2.1) we have cot (3 = hp a — c. We also obtain 
Fp(k) = k + i(c — hp a ). Since Np = we must have hp a < c. Then, from (2.2) and (2.3) 
we get f(k,0) = 1 and f'(k,0) = ik. Thus, V = is the unique potential corresponding 
to the data, regardless of the value of hp a . Unless hp a is specified, we cannot determine (3 
and F/3 uniquely as they both contain the parameter hp a . 

Example 6.2 In the data T> 2 of Theorem 2.2, let us specify 

^ = 0, N/3 = 0, \F 7T (k)\ 2 = l for keR, 

but let us leave the value of (3 as yet an unspecified parameter. Proceeding as in the proof 
of Theorem 2.2, we find that V(x) = is the unique potential corresponding to our data, 
regardless of the value of f3. We get 

F w (fc) = l, Re[A 2 (/c)] = 0, A 2 (k)=0, F p {k) = k - icot/3, 

with the only restriction on f3 given by f3 E [n/2,n), or equivalently cot/? < 0, so that 
Np = 0. Thus, unless the value of (3 is specified in V 2 , we cannot uniquely determine Fp. 

Example 6.3 In the data V\ of Theorem 2.1, let us specify 

(k 2 + l)(k 2 + 4) 

N a = l, Np = l, Kal = 2, np 1= 4, \F a (k)\ 2 = { - fcT^YQ for fcGR ' 
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but let us leave the value of hp a as yet an unspecified parameter. Proceeding as in the 
proof of Theorem 2.1, we find 

(k + i)(k-2i) hpgk hp a 

F a(k) = 7—— , Re[Ai(/c)] = -2— -, Ai(fc)- 



k + 4i ' P + l' v ; A; + z' 



Then, as k — > oo we get Ai(fc) = —7^ + 0(l//c 3 ), and a comparison with (4.3) 

k k 2 

12 12 
indicates that cot a = — 1 + - — . Next, with the help of (2.1) we get cot (3 = hp a — 1 + 



. , .. ^ ~- v / o~~ r- --/ju - 1 7 

We also get 

(fc-4z)[fc + z(l-/i^)] 

= ^ • 

Note that we must have hp a < 1 in order to ensure that Np = 1; thus, we get the restriction 
hp a e (0, 1]. Via (2.2) we obtain 

f(h s _ k 2 + 12ik/hp a + (16 - 12/hp a ) 
/l ' J " (fc + 2z)(fc + 4z) 

A straightforward analysis indicates that /(&, 0) has no zeros in C+ if hp a G (0, 3/4), the 
two zeros of 0) are = and k = — 16z if fyg Q = 3/4, and f{k, 0) has exactly one 
zero in C + if hp a G (3/4,1]. Unless the value of hp a is specified in the data, we get a 
one-parameter family for each of V, a, and /?, where fyg Q is the parameter. Using (5.18) 
and (5.19) we obtain 

L(k) = [Kl ~ 2/hp a + 12/h} a ) + i(l - 17/ V + 12/^J] , 

T(k) = —±—[k(k + 2i)(k + 4i)], 
€{k, hp a ) 

where 

:= & 3 + 12ik 2 /hp a + (10 - 72/tif la )k + (-6 + 102/ V - 72/h 2 p a )i. 

The corresponding one-parameter family of potentials can be obtained by using any of the 
methods outlined in Section 5. 

Example 6.4 As the data V 2 of Theorem 2.2, let us specify 

N„ = 1, Np = 1, = 2, k/3i = 4, \F^(k)\ 2 = ^ + for fceR, 
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but let us leave the value of (3 as yet an unspecified parameter. Proceeding as in the proof 
of Theorem 2.2, we obtain 

F 7r (k) = — — — -^==— , Re[A 2 (fe)] = 7T 1— , A 2 (fc) = ' 



fc + v 7 ^' A; 2 + 16' zv 7 k + Ai' 

_ (k - 4z) [k 2 + ik(4- cot g) + 4(1 + cot /3)] 
~ (k + 2i)(k + V20i) ' 

We find that Fp has no zeros in C + other than k = Ai if cot (3 < — 1; its zeros are k = 0, 
= — 5i, and = Ai if cot/? = —1; and it has a second zero in C + other than k = Ai if 
cot /? > —1. Thus, for consonance with Np = 1, we must have (3 G [cot _1 ( — 1), n). Unless 
the value of (3 is specified, we get a one-parameter family of potentials for the given V 2 . 
The corresponding scattering coefficients are obtained via (5.18) and (5.19) as 



r/7 , -8k + (8 + 6 cot f3)i k(k + 2i)(k + V20z) 



k 3 + 12k - (8 + 6 cot f3)i ' w /c 3 + 12fc - (8 + 6 cot f3)i ' 

Example 6.5 In the data V 3 of Theorem 2.3, let us specify 

N a = 0, Np = 1, |F Q (A;)| 2 = k 2 + 4 for feeR, 

but let us leave the value of /i^q as yet an unspecified parameter. Proceeding as in the 
proof of Theorem 2.3, we get F a (k) = k + 2%. Using (4.14) we find 

ihp a k 



H(k,n) = 



ihp a 



{K + 2){k + iK){k + 2iY 



and hence lim [kH(k, k)] = — -—. The value of np\ is then obtained via (4.15) as np\ = 
hp a — 2. Note that we must have hp a > 2 because Kp\ must be positive. We also get 

and hence as k — > oo we obtain 

Aa(fc) = i + ^ + z[ " 2/l/3Q ~ fc ( 3 /l/3Q ~ 2)2] + 0(1A 4 ). 

Thus, from (4.11) we find cot a = —2, and then via (2.1) we get cot (3 = hp a + 2. Hence, 
unless the value of hp a is specified in "D 3 , we find a one-parameter family for each of j3 
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and Fp. On the other hand, from (2.2) we get f(k,0) = 1 and V is uniquely determined 
as V(x) = 0. With the help (5.18) and (5.19), we get L(k) = and T(k) = 1, respectively. 

Example 6.6 In the data V 3 of Theorem 2.3, let us specify 

N a = l, Np = 2, K al = 2, ^ 2 = 4, |F a (A;)| 2 = A; 2 + 4 for feeR, 

but let us leave the value of hp a as yet an unspecified parameter. We get F a (k) = k — 2%. 
From the interlacing property stated in Proposition 3.7, we have the restriction Kpi G (0, 2). 
Proceeding as in the proof of Theorem 2.3, we find 

The value of np\ is then obtained via (4.15) as k@i = hp a — 4. Thus, the restriction 
Kpi G (0,2) indicates that hp a G (4,6). We also get 

a m ^ j? / 1,\ _ (k - 4i)[k - i(h Pa - 4)] 

S[ ] ~ (k + 4i)[k + i(hp a -4)Y MfcJ " k + 2i 

Using (4.11) and then (2.1) we obtain 

12 12 

cot a = 4, cot p = h+ 4. 

hpa hp a 

Via (2.2) we get f(k, 0) = - — ^ — ^2/hp a ) ^ ^ exac tiy one zero 

in C + when hp a G (4,6). With the help of (5.18) and (5.19), we have 

= 6(hp a -6)(h Pa -2)/h 2 pa = k(k + 2t) 

T]{k,hp a ) ' v{k,hf3 a y 

where 

rj(k, h^) := k 2 + (-4 + 12/hp a )ik + (-6 + 48/hp a - 72/h 2 p a ). 

Note that unless the value of hp a is specified in D3, we find a one-parameter family for 
each of V, a, and (3. The corresponding one-parameter family of potentials can be obtained 
by using any of the methods outlined in Section 5. 

Example 6.7 In the data T> 4 of Theorem 2.4, let us specify 

^ = 1, iV> = 2, ^i=2, Kpi = l, \F«{k)\ 2 = for/cGR, 
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but let us leave the value of (3 as yet an unspecified parameter. Proceeding as in the proof 
of Theorem 2.4, we find 



k + i k + in 

With the help of (4.21) we get 

,-,/7\ (k — i)(k — i cot 3) 
^2 = cot/?, F (3 (k) = ± ^. 

Using the second line of (5.18) and of (5.19) we obtain 

3zcot/3 2A;(/c + z)(A; + 2z) 



2/c 3 + 5fc + 3i cot /3 ' v ' 2/c 3 + 5/c + 3icot/3' 

When /5 is specified, the unique potential corresponding to our data can be obtained by 
using any of the methods specified in Section 5. On the other hand, if the value of 3 is 
left unspecified in "D 4 , we find a one-parameter family for each of V and Fp. 

Example 6.8 In the data V 5 of Theorem 2.5, let us specify 

N a = l, N p = l, Kal =2, n pi =4, \F p (k)\ 2 = K - p^4 '- for keK, 

but let us leave the value of hp a as yet an unspecified parameter. Proceeding as in the 
proof of Theorem 2.4, we find 

rp n\ {k + i){k-Ai) -hp a -ihp a 

Using (4.25) and then (2.1) we obtain 

cot 3 = — 1 + 12/hp a , cot a = —1 — hp a + 12/hp a . 

(k — 2i) \k + ill + ha )] 
We also find F a (k) = — — that F a has exactly one zero in 

C + because hp a > 0. With the help of (2.2) we get 

k 2 + 12ik/hp a + (4 - 12/ V) 



f(k,0) = 



(k + 2i)(k + 4i) 
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and find that N n = 1 if hp a > 3, = if hp a £ (0, 3), and the two zeros of f(k, 0) when 
hpa = 3 are given by k = and k = — 4z. Using (5.18) and (5.19) we get 

T(h , ~6fc(l + 2/hpa - 12/h* a ) - 6z(l + 5/fy a - 12/h 2 a ) k(k + 2z)(k + 4t) 

H) ~ C(M/J«) ' 1[k) - C(M/9«) ' 

where 

C(k, h Pa ) := k 3 + mtf/hpa + (10 - 72/h} a )k + (6 + 30/hp a - 72//$ a )i. 

Unless the value of fyg Q is specified in the data, we get a one-parameter family for each of 
V, a, and f3. The corresponding potentials can be obtained by using one of the methods 
outlined in Section 5. 

Example 6.9 In the data V Q of Theorem 2.6, let us specify 

N„ = l, Np = l, k w i = 1, Kf3! = 2, \Fp(k)\ 2 = k 2 + 4 for k e R. 
Proceeding as in the proof of Theorem 2.6, we find 

F p (k) = k-2i, Re[A 6 (k)} = A 6 (fc) = 

Our data £> 6 uniquely determines U via the Gel'fand-Levitan method or the Marchenko 
method. As outlined at the end of Section 5, the same potential can also be obtained by 
any of the full-line inversion methods by evaluating the full-line reflection and transmission 
coefficients, which are obtained via (5.18) and (5.19), respectively, as 



k 2 -ik + 3/2' v ; k 2 -ik + 3/2' 

From the pole of T in C + we see that the full-line problem has one bound state at k = 
i(V7 + l)/2. The norming constant in the left Faddeev-Marchenko data is given by c\\ = 
^6 + 33^7/14. 

Example 6.10 In our data V 7 in Theorem 2.7, let us specify 

N a = 0, N p = l, K P1 = 2, \F p (k)\ 2 = k 2 + 4 for kR, 
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but let us leave the values of (3 and hp a as yet unspecified parameters. Proceeding as in 
the proof of Theorem 2.7, we obtain 



Fp(k) = k-2i, Re[A 7 (fc)]=0, A 7 (fc) = 0, 

k 2 + ihp a k + (4 - hp a cot (3) 



P(k) =4- hfs a cot /3, F a (k) = 



k + 2i 



Because we assume N a = 0, none of the two zeros of F a are allowed to be in C + , and 

k | % cot 13 

hence we must have hg a cot (3 > 4. We find that f(k, 0) = — ; , and hence V can be 

k + 2% 

specified uniquely if and only if the value of (3 is specified in the data. Otherwise, there is 
a one-parameter family of potentials. Via (2.1) we have cot a = cot (3 — hp a ; hence, leaving 
both cot (3 and hp a unspecified in our data results in a two-parameter family for each of a 
and F a . We also get 



L(k) = -4 + cot 2 /? T(k) = 2/c(fc + 2z) f6 i) 

' 2k 2 + 2ik cot /3 +(4- cot 2 /3)' { > 2k 2 + 2ikcot(3 + (4-cot 2 (3)' K ' 



Using any one of the recovery methods outlined in Section 5, we obtain 

32(cot 2 /3-4)e- 4a; 

V(x) = , cot /? > 2. 

[(cot/3 + 2) - (cot/3-2) e - 4a f 

When cot (3 G [A/hp a , 2), the expression for V can be obtained explicitly, but it is too long 
to display here. It has the form 



r'(x,b) 



cot/3 e [0,2), 



r(x,b) 

with 

T(x, b) := a + c 2 e~ 4x + ^-(y/^^-co tflx + ^-(4+^8— t* 

where the coefficients c\, c 2 , C3, and C4 are independent of a; and they are certain explicit 
functions of cot /3. 

Example 6.11 In the data T> 7 of Theorem 2.7, let us specify N a = 1, Np = 2, and 

K al = 2, k p1 = 1, k P2 = A, \F p (k)\ 2 = (fe2+ ^ 2 4 +16) for keK, 
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but let us leave the values of (3 and hp a as yet unspecified parameters. Proceeding as in 
the proof of Theorem 2.7, we find 

Fp(k) = ^ ~ fc Z) f 2 7 ^ , Re[A 7 (fc)] = 0, A 7 (fc) = 0. 
From (4.31) we get P{k) = 13 — hp a cot (3, and we find 

, , _ (fc - 2j) [k 2 + Z/^qfe + (13 - frgq cot g) 

al) " (ifc + i)(ifc + 4i) 

Because we assume iV a = 1, F a must not have any zeros in C + other than k = 2i, which 
is the case if hp a cot (3 > 13. We also find that 

A; 3 + ik 2 cot (3 + 4k + i(4 cot (3 - 36/hp a ) 



/(M) = 

L(k) = 1 



(k + i)(k + 2i)(k + 4i) 
hf3 a (cot 2 13 - 13) k 2 - 36ik + (4hp a cot 2 (3 - 16hp a - 36 cot (3) 



T(k) = 



u{k, hp a ,p) 
2hp a k(k + i)(k + 2i)(k + 4i) 



u(k,hf3 a ,/3) 
where we have defined 

u(k, hp a , (3) :=2h{3 a k 4 + 2ihp a k 3 cot + hp a (21 - cot 2 /3)k 2 

+ (8hp a cot 13 - 36)ik + (36 cot (3 + 16hp a - 4hp a cot 2 (3) . 

Hence, V can be specified uniquely if and only if both j3 and hp a are specified in D7; 
otherwise, a two-parameter family of potentials corresponds to V 7 . 

Example 6.12 In the data V 8 of Theorem 2.8, let us specify 

N-n = 0, Np = 1, Kp! = 2, \Fp(k)\ 2 = k 2 + 4 for k G R, 

but let us leave the value of (3 as yet an unspecified parameter. Proceeding as in the proof 
of Theorem 2.8, we find 

Fp(k) = k-2i, Re[A 8 (/c)] = 0, A 8 (fc) = 0, F n (k) = k + ^ ^ . 

We also get the same L and T given in (6.1). In order to have = 0, we must have 
cot/3 > 0, or equivalently /5 G (0, ir/2]. Because N n = 0, the potential V is uniquely 
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determined from F n if the value of (3 is specified in our data; otherwise, we get a one- 
parameter family of potentials that are described in Example 6.10. 

Example 6.13 In the data T> 8 of Theorem 2.8, let us specify = 1, Np = 2, and 

K al = 2, k p1 = 1, Kp 2 = 4, \Fp(k)\ 2 = (/g2+ fe 1 2 )( ^ 4 +16) for keR, 

but let us leave the value of (3 as yet an unspecified parameter. Proceeding as in the proof 
of Theorem 2.8, we find 

n/n (k-i)(k-4i) (k-2i)(k + icot(3) 

F »w = k+ 2, • R ^^ = °- A ^ = °- w = K {k+ i ){k+u) ■ 

We also find 

(cot 2 (3 - 13) A: 2 + (4 cot 2 (3 - 16) 2k(k + 2i)(k + 4z) 

{) ~ x(k,cotp) ' Hk) - X (k,cotp) ' 

where 

X{k, cot (3) := 2k 4 + 2ik 3 cot (3 + (21 - cot 2 /3)/c 2 + 8z/c cot (3 + (16 - 4 cot 2 /?). 

Once the value of /3 is specified in our data, the potential V can uniquely be determined by 
using one of the recovery methods outlined in Section 5; otherwise, we get a one-parameter 
family of potentials depending on the parameter (3. 
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